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, Abstract. We construct quasi-Hopf algebras quantizing double extensions 

of the Manin pairs of Drinfeld, associated to a curve with a meroniorphic 
differential, and the Lie algebra sb. This construction makes use of an analysis 
' of the vertex relations for the quantum groups obtained in our earlier work, 

PBW-type results and computation of i?-matrices for them; its key step is 
a factorization of the twist operator relating "conjugated" versions of these 
quantum groups. 



> 

O ' Introduction. In [0, V. Drinfeld introduced Manin pairs, attached to an abso- 

O I lutely simple Lie algebra over a complex curve X with a meromorphic differential 

Q ■ u. In the case where the genus of X is zero or one, special cases of his construc- 

. tion give rise to Manin triples, whose quantization are the Yangians, quantum 

affine algebras and elliptic algebras. Drinfeld posed the problem of quantizing 
these general Manin pairs, in the sense of quasi-Hopf algebras. 
■ In this paper, we solve this problem in the untwisted case where the Lie algebra 

CT' is equal to a ® C(X), a = sl2, for an arbitrary curve X. 

^ i In that case, Drinfeld's Manin pair presents itself as follows. Let 5* be a finite 

k> I set of points of X containing the zeroes and poles of uj, kg be the local field at 

j_| ■ each s G 5, and k = (Bsesks- Endow a® k with the scalar product given by the 



tensor product of the Killing form of a and {f,g)k = ^ses^^^^ifd^)- ^ 
the ring of functions on X, regular outside S; it can be viewed as a subring of k. 
The ring i? is a Lagrangian (that is, maximal isotropic) subspace of k (a proof of 
this fact is in the Appendix), so that (a ® A;, a ® /?) forms a Manin pair. 

In our earher paper |]TU|, we introduced a double extension (g, qr) of this Manin 



pair. The Lie algebra g is a direct sum (a ® A;) © CD © CK, with K a central 
element and D a derivation element, and Qr is equal to (o -R) © CD. In |1T0| , 



we considered a certain Manin triple (0,0+, g_), obtained from this pair by a 
classical twist, and we constructed a quantization UjiQ of this Manin triple. 



Let us describe in more detail the Manin triple of |T^. Let a = n+ © t) © n_ 
be a Cartan decomposition of o. Let A be a Lagrangian complement of R in 
k. The Lie algebra 0+ is then defined as (t) © i?) © (n+ © fc) © CD, and 0_ as 
(f) © A) © (n_ © A;) © CK. 
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The Manin triple (0,0+, g_) has the following interpretation. Recall that the 
affine Weyl group of g is the semi-direct product of a group of translations, 
isomorphic to , with the Weyl group of o"^. The triple (fl,g+,0-) can then be 
viewed as the limit, for the length of the Weyl group element becoming infinite, 
of the triple obtained from (g, g^j, gA) [with = (a(8>A) ©Ci^'] by conjugation by 
an affine Weyl group element corresponding to a positive translation. A similar 
procedure had been employed earlier by Drinfeld in 0. We recall the results of 
]T0| in sections |l| and |[ 



Let us now describe the main points of the present work. We first construct 
a subalgebra Vn%R C this inclusion deforms the inclusion of Lie algebras 
C (section H). This construction is as follows. The main difficulty of [|1^ 
was to produce the correct relations for the quantum counterparts of the algebras 
generated by n± ® k. These relations are presented in terms of generating series; 
they are usually called vertex relations. We observe that there exists a system of 
such relations, in which the products of generating series are multiplied by scalar 
functions belonging to R^R. This system can be modified so as to define vertex 
relations for an algebra UnQR (sect. |4.1j ), which turns out to be a deformation 
of the enveloping algebra Uqr (section |4.2|) . To show that this algebra is indeed 
a subalgebra of UaQ, we have to establish Poincare-Birkhoff-Witt (PBW) type 
results for UnQ (Prop. p.5|) . These results follow from general similar results on 
algebras presented by vertex relations (section and rely isomorphism with a 
formal version of the Feigin-Odesski shuffle algebras (see ||13|| 



Let A denote the coproduct of Un,Q- The subalgebra ?7ft0R then satisfies A(f/;jg^) 
C U}iQ®UtiQR (see Prop. |4^ ). This motivates the following construction. 

Consider the Manin triple (0,0+, 0-), obtained from (g,g_R,0A) as the limit of 
conjugations by negative translations (or equivalently, from (g,g+,0-) by conju- 
gation by card(S') copies of the nontrivial element of the Weyl group of a). Using 
the results of |T^, it is easy to produce a quantization (f/?ig. A) of this Manin 
triple. We then show that the Hopf algebras UhQ and UhQ are isomorphic as al- 
gebras (Prop. ^73|) , and their coproducts are conjugated under some F G UnQ®"^ 

in other words, 
. Let us explain 



(Prop. 1^ ), which also satisfies cocycle identities (Prop, 
both Hopf algebras are connected by a twist, in the sense of 
how this result is obtained. 

F is constructed as Ylii^^ ® (c^*); (o^j) dual bases of the subalgebras 

Urin+ and f/^t^- of UnQ generated by the deformations oi n±® k. The universal 
/^-matrices of (t/^fl, A) and {UnQ, A) are then expressed simply as the products 
of F and a factor K, depending on the Cartan modes (Prop. ^.2|) . One checks 
that /C is a twist connecting A and A' (Lemmas |5.2| and ^.3|) . (A' is A composed 
with the permutation of factors.) Therefore, since TZ~^ is a twist connecting A' 
and A, it follows that F is a twist connecting A and A (Props. ^.3| and |5] 

On the other hand, we have A{Un.QR) C Un,QR®UjiQ (Prop. |]4D 
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It is then easy to see that any factorization of F of the form F = F2F1, 
Fi ^UnQ® UnQR, F2 e Undn^Und, yields an algebra morphism Ar from UnQn to 
UtiQ%^, by the formula = Ad(Fi) o A. Moreover, the associator $ of the quasi- 
Hopf algebra obtained from UfiQ by the twist by Fi, belongs to UfiQ%^ (Prop. 
A simple argument shows that the antipode Sr of UfiQ corresponding to this twist, 
preserves f/n0_R- This shows that {UnQR, Ar, <I>, Sr) is a sub-quasi-Hopf algebra 
of the twist by Fi of (f/^g. A). 

To obtain a factorization of F is thus the key point of our construction. This 
is achieved in section |6.1| . Any possible solution (^1,^2) of the factorization 
identity is expressed simply in terms of left and right f/^g/j-module maps 11, 11' 
from UfiQ to UfiQR applied to F, and of variable elements of UjiQ'^- The difficulty 
is to show that for some choice of those elements, the factorization identity is 
satisfied. This is equivalent to showing that /^"-"^[(II ® and [(1 ® n')F]F~^ 
belong to U^Q ® U^Qr, resp. to U^Qr ® Ung. For this, we use the pairing between 
the quantizations Un.Q+ and Un.Q- of g+ and 0_, and the computation of the 
orthogonals of their intersections with Un,QR. (Prop. |5.5|) . 

We close the paper by some remarks related to our construction. We observe 
that the quasi-Hopf algebras Un,Q and Un,QR. fit in an inductive system w.r.t. the 
relation S C S", and that the corresponding inductive limit is a quantization 
of double extensions of the adelic versions of Drinfeld's Manin pairs (section 
O). We also find an algebra automorphism of f/^^g, deforming the action of the 



generator of the Weyl group of a (section Section is devoted to analogues 
and generalizations of UfiQ. In |7. 1| , we exploit the fact that the central terms occur 
only in the exponential form exp{hKd) [where d is the derivation of k defined by 
df = df /u] to construct analogues of Un,5, where exp{hKd) is replaced by a more 
general automorphism of k. In |7.2| , we construct analogues of those algebras and 
of their Weyl group automorphism, associated with discrete sets. 

An expression of F was given in an earlier version of this work. However, this 
expression is not correct, as it was pointed out in Q]. In Remark we discuss 
this problem and how this modifies the proofs of the results of p, , which remain 
valid. 

Let us now mention some possible extensions of this work. It is natural to ask 
how the algebras introduced here depend on the pair (X, cu). The algebra Un,Q 
probably possesses level 1 modules similar to those studied in the Yangian and 
quantum affine cases. It would then be interesting to study quantum Knizhnik- 
Zamolodchikov type equations for traces of corresponding intertwining operators. 



Another subject of interest could be the representation theory of Un,dR- In jTOl , 
we studied level zero representations of f/^^g, indexed by formal discs around 
each point of S; these representations are also [/^g/j-modules, and as such their 
parameter could probably take values outside those discs. 

Finally, the question arises whether the formulas defining UfiQ can be written 
is closed form (rather than in the sense of formal series) and can be analytically 
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continued to complex values of h. In general, the solution to this problem might 
be related to functional equations satisfied by the structure constants of this 
algebra. Let us however mention two cases where the answer to this question is 
positive. One of them is when X is an elliptic curve, and u) = dz. This case 
was treated by G. Felder and one of us (P). We showed, using arguments of 
the present paper, the connection of the algebra U^Q with the elliptic quantum 



groups of . The other case was treated in |Tl| . There we study the case of a 
genus > 1 curve X, with differential uj regular and having only double poles. In 
that case, the structure constants of UnQ involve some theta-functions and odd 
theta-characteristics of X. Also let us mention the work 0, where "analytic" 
algebras with close analogy to U^Q were introduced. 

We would like to express our thanks to V. Fock, C. Fronsdal, S. Khoroshkin, D. 
Lebedev, S. Majid, N. Reshetikhin and M. Semenov-Tian-Shansky for discussions 
about this work. The second author is supported by grant RFFI-96-01-01101. 



1. MANIN PAIRS AND TRIPLES 

This shows that subsectionCompleted tensor products and algebras 
Let V, W be complex Tate's vector spaces (see P for the definition; the only 
examples of Tate's vector spaces we will use are either discrete or isomorphic to 
the sum of a finite number of copies of a field of Laurent power series in one 
variable) . 

The completed tensor product of V and W is defined as the inverse limit 

YiuiiV ®W/Va®W,,), 
*—a,h 

Va, Wf, being a system of vector spaces, that consitute neighborhoods of zero in 
V,W, and denoted by V^W. For example, with V = C{{v)) and W = C{{w)) 
endowed with the v- and w-adic topologies, we have V^W = C[[v , w]][v~^ , w~^] 
which we will denote as C{{v,w)). 

With the same notation, the completed tensor algebra of V is defined as 

and endowed with the obvious product, and denoted by TiVy. These objects are 
independent of the basis of neighborhoods chosen. 

V®W (resp. Tiyj) is a separated complete topological vector space (resp. 
algebra), with a basis of neighborhoods of zero given by lim^afiiVn^Wm/Va^Wb) 
(resp. the subalgebras generated by the V^). 

We will also define as the inverse limit 

lim {V ® W)/{Va ®W + V®Wb), 

whose topology is defined by the basis of neighborhoods of zero given by lim^^ b( V^® 

W + V®W^)/iVa®W + V0Wb). 
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1.1. Manin pairs and triples. Let X be a smooth, connected, compact com- 
plex curve, and uj he a. nonzero meromorphic differential on X. Let S* be a finite 
set of points of X, containing the set 5*0 of its zeros and poles. For each s E S, 
let kg be the local field at s and 

Let R be the ring of meromorphic functions on X, regular outside S; R can be 
viewed as a subring of k. R is endowed with the discrete topology and k with its 
usual (formal series) topology. Let us define on k the bilinear form 

{f,9)k = ^ressifguj), 

SG5 

and the derivation 

df = df/uj. 

We will use the notation i{A) = f ® A, for any ring A over C and complex Lie 
algebra y. 

Let a = 512(C). Define on a{k) the bilinear form (, )a(k) by 

{x(S)t,y® ?7)a(fc) = (x, y)a{e, r])k 

for x,y G 0, e, G k, {,)a being the Killing form of a, the derivation da[k) by 
da{k){x ® e) = X ® (9e, for a; G a, e G k, and the cocycle 

Let Q be the central extension of a{k) by this cocycle. We then have 

Q = a{k) © CK, 

with bracket such that K is central, and [^, 77] = ([^, fj], c(^, f])K), for any ^, r/ G g 
with first components ^, f]. 

Let us denote by dg the derivation of q defined by i9g(^, 0) = {da{k)^, 0) and 
d~,{K) = 0. 

Let g be the skew product of g with dg. We have 

g = 0©CD, 

with bracket such that Q ^ ^ {^^ 0) is a Lie algebra morphism, and 

(e,0)] = (9^(0,0) for ^Gg. 

View a{k) as a subspace of g = g © CD = a{k) ® CK ® CD, by ^ ^ (^, 0, 0). 
Define on g the pairing (, )g by {K, D)g=l, {K, a{k))g = {D, a{k))g = 0, r])g = 
{C,v)a{k) for ^,7] G a(/c). 

Endow a(/c) with (, The subspace a{R) C a(A;) is a maximal isotropic sub- 
algebra of a{k), as follows from Lemma |7^ . Drinfeld's Manin pair is {cL{k), cl{R)) 
(see [0). In we introduced the following extension of this pair. Let g^ = 
a(-R) © CD; gj? C g is a maximal isotropic subalgebra of g. The extended Drin- 
feld's Manin pair of []TU| is then (g,g_R). 
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In we also introduced the following Manin triple. Let A be a Lagrangian 
complement to R in k, commensurable with (Bs^s^^s (where Os is the completed 
local ring at s). Let n+ = Ce, n_ = Cf, f) = Ch. Let 

B+ = [){R) © n+ik) © CD, 0_ = ([) ® A) © n_(A;) © CK, 

then = 0+ © 0-, and both 0+ and 0_ are maximal isotropic subalgebras of 0. 
The Manin triple is then (0,0_,.,0_). 

We will also consider the following Manin triple, that we may consider as being 
obtained from the previous one by the action of the nontrivial element of the Weyl 
group of a. Let 

0+ = i){R) © n_(A;) © CD, 0_ = ([) © A) © n+(A;) © CK, 

then (0,0+, 0-) again forms a Manin triple. 

Remark 1. Generalizations. It is straightforward to generalize the centerless ver- 
sions of the Manin pairs and triples introduced above, as well as (as we will see) 
of their quantizations, to the case of a Frobenius algebra (i.e. a commutative 
ring ko with a linear form 9 e (fco)*, such that (a, 6) t-^ {a,b)ko = 6[ab) is a 
non-degenerate inner product), with a maximal isotropic subalgebra Rq. 

It is also easy to generalize the Manin pairs and triples (0,0+, 0_), (0,0+, 0_) 
and {q,Qr), as well as their quantizations in the sense of formal series, to the 
case where the Frobenius algebra is endowed with a derivation Oq, such that 
eodo = Q. □ 

1.2. Classical twists. According to to each of the Manin triples (0,0+, 0_) 
and (0,0+, 0-) is associated a Lie bialgebra structure on 0; denote by 5, 5 : — >• 
0©0 the corresponding cocycle maps. 

Let 0A = (a © A) © CK C 0; 0a is a Lagrangian complement of Qr in 0. It 
induces a Lie quasi-bialgebra structure on 0^^, and from [|l| follows also that there 
is a Lie quasi-bialgebra structure on 0, associated to the Manin pair (0, qr) and 
to 0a; we denote by 5/? : — > 0©0 the corresponding cocycle map. 

These Lie (quasi-)bialgebra structures on are related by the following classical 
twist operations. 

Let (e*)igN, (ei)igN be dual bases of R and A; we choose them is such a way 
that Ci tends to when i tends to 00. Let e\ei,i G Z be dual bases of k, defined 

by = Ci, = e\i> 0, = e"'"\ e* = e_i_i, i < 0. 

Lemma 1.1. Let f = Y^iez^lA ® /h]/ f = fi + f2, with 
and 
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For ^ E Q, we have 

sr{o = m + [/i, e ® 1 + 1 ® e], ^(0 = 6n{o + [/2, e ® 1 + 1 ® e]- 

Proof. This is a consequence of the fact that the cocycle maps 6, 6, 6r are 
respectively equal to ^ [^^. ^ ® 1 + 1 ^] , ^ [J^j A^- O ^u'^ , ^ ® 1 + 1 (g) ^] , 

e ^ E,- Af + where (A,), (/i^), resp. (A;.), (/i'^); (A^ ), 

are dual bases of 0+, 0-, resp. g+, Qr, 0a- □ 



2. Quantization of Manin triples 

2.1. Results on kernels. Recall that we have introduced dual bases (e*)igN, (ei)ieN 
of R and A. Let G i?(8>A be equal to 

i 

Note that R^k is an algebra, to which belongs ao- Let 

7= (9® l)ao- (ao)'; 

then 



Lemma 2.1. (see [|TO|y' 7 belongs to R® R. 

Let be a formal variable and let T : — > k[[ti\] be the operator equal to 

sh(n(9) 

Let us use the notation x for the operation of exchanging the two factors of 

{k®k)[[h]]. 

Proposition 2.1. (see and Prop. 1.11) For certain elements (f) G {R® 



^ /i(-R®-R) [[^]] depending on^,^ and their derivatives by universal 
formulas, we have the following identities in 

> Te ® Ci = + — In — — , > e ® Te^ = -0 + — In ^. 

Lemma 2.2. (see The expression Yj^Te''®ei—e^®Tei belongs to S'^{R)[[K\\. 
We will denote by t any element of {R ® -R)[[^]], such that 

r + r = ^Te*(g)ei -e^OTci, (1) 



and define the linear map U : A[[/i]] by 

U\ = (r, loA). 



(2) 
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Note that Xli^^* ® is well-defined in (_R®A;)[[^]], because tends to zero 
as i tends to infinity. Since 9 is a continuous map from k to itself, the same 
is true for the sequence d'^Ci. So ^ ■ e* (g) Te^ is well-defined in the same space; 
XliGZ^^* ® Cj — e* Tei is well-defined in (fc^/c) [[^]] for the same reasons. 

Remark 2. (see [0) Let q = e^, and / be the function defined by f{x) = 
and To = J2ifi^)^^ Cj — e* ® f{—d)ei (since 9 is a continuous map from k 
to itself, each ^ • e* <S) d^Ci is well-defined in R<§)k, so that tq is well-defined in 

iR®k)[[h]]). 

Note that the formal series f\dz)—f{—dw) is divisible by dz+dw in C[9z, 
and denote their ratio by •^^^^j"/!"^"''' . 

Attach indices z and w to the first and second factors of (A;®A;)[[/i]]. We have 

^0 = (7-7), 

and To satisfies the identity (|l|). □ 

Consider now the quantity exp(2/i^.gj^ e*(8>(T+f/)ej); it belongs to (i?® A; )[[/?.]]. 
Let for each s G S", be a local coordinate on X near s. 

Lemma 2.3. For any a ^ k, we have 

(a ® 1 - 1 ® a + V^_(a ® 1 - 1 ® a)ao)g^^'^^+^^'"®'' (3) 

= (a(g)l-l(g)a + V'+(a®l-l® a)ao)g^^^"'^^ 

For any a E k, (a®! — 1® a)ao belongs to Yls tes '^ii^s, U!t)). If a belongs to 
R, then {a®l — 1 ® a)ao belongs to R® R. 

Proof. The first part of the lemma is proved using that r = X^ign Ue-i® e\ the 
second identity of Prop. |2?T| and 

{a® I - I® ajao = -{a ® 1 - 1 (g) a)ao, \fa e k (4) 

((H) follows from the fact that oq + ao verifies {ao + ao, id® [3)k = P for any /5 G /c; 
the product is taken with the second components of a decomposition of ao + ao)- 
Let us pass to the second part of the lemma. For integer, set 

seS 

For any a E k, there exists an integer such that [a ®1 — 1 ® a)aQ belongs to 
k®kNa- Since {a® 1 — 1® a)ao belongs to kisf^®k, and using (H), we obtain that 
{a® 1-1® a)ao belongs to {k®kNj fl {kj^^®k) C Hs.igs '^((^s, ^t))- 

The third part of the lemma follows from the following statement. Let a E R, 
then for any f3 E R, one checks that 

{{a®l - 1® a)ao, /? ® id)k = {{a ® 1 - 1 ® a)ao, id ® I3)k = 0, 
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where the products are taken with the first and second components of a decom- 
position of (a ® 1 — 1 a)ao. □ 

Remark 3. Attach indices z and w to the first and second factors of k^k. Let P 
be a differential operator, acting on k. The quantity Kp{z, w) = Yliiez ®^i = 
'^i(zz{P^^){.z)ei{w) can be considered as a kernel for the operator P, because of 
the identity 

{Pf){w) = Tesw(zs Kp{z,w)f{w)uJi„ V/ G k. 

Suppose that P preserves i?. Then Kp{z,w) = Xliez-^^*®^* ~ X]tgz(-^^*)('^)^«('^) 
can also be considered ClS db kernel for P, because 

{Pf){w) = resales Kp{z,w)f{w)uj^, V/ G R. 

□ 



Remark 4. The map P P®P, a t— > (a®! — l®a)ao defines a nontrivial element 
of the Hochschild cohomology H^{R,R P) (where P ® P is the P-bimodule, 
with left action by multiplication on the first factor on the tensor product and 
right action by multiplication on the second one). 

Note that there is a natural map H^{R, P ® P) — > H^ik, k^R{R ® R)^Rk); 
/c®_r(P ® R)^Rk is equal to lis tes ^((^s) ""^t))' image by this map of the 

above class is nonzero [since ao ^ lis tes *^((-2s5 ^t))]- 

2.2. Presentation of f/^^g. In ||TD|, we introduced a Hopf algebra UnQ quantizing 
(0,5). 

It is the quotient of T(g)'{[/i]] by the following relations. Let e, /, h be the 
Chevalley basis of sl2(C). Denote in T(g)'{[/i]], the element a; ® e G a{k) C of 
Q by x[e] and let for r E R, h'^lr] = h[r], h~[X\ = h[X\. Introduce the generating 
series 

e{z) = Y,e[eM^), /(^) = /h]e^(z), 
h+iz) = J2h-'[e%iz), h-{z) = Y,h''W{z). 

The relations for UjiQ are (Fourier modes of) 

[/i+[r],/i+[r']] =0, (5) 

[K, anything] = 0, [/i+[r], h-[\]] = \{{l- 9~''')r, A), (6) 
[h-[\lh-[\']] = \ {{T{{q^^X)R),q^'X') + {UX,X') - m{q^^XU),q^'X')) , 

n 

[h+[r],e{w)] = 2r{w)e{w), [h-[X],e{w)] = 2[{T + U){q''^X)^]{w)e{w), 

(8) 
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[/i+[r],/H] = -2rH/H, [h-[X]J{w)] = -2[{T + U)X]{w)f{w), 

(9) 

[zs - Ws + il!_{z,w)ao{z,w){zs - Ws)]e{z)e{w) (10) 
\zs - Ws + ilJ+{z,w)ao{z,w){zs -Ws)]e{w)e{z), e S 



2{t—4i){z,w 



^2(r-0)(.,«,)[^^ - + ^|J+{z,w)ao{z,w){zs - w,)]f{z)f{w) (11) 
= [zs -Ws + i/j-{z,w)ao{z,w){zs - Ws)]f{w)f{z), \/s e S 

[e{z)J{w)] = ^[5(^,«;)g«^+^)'^^)(^) - {q-'''-S{z,w))q-'^-^% (12) 

[D, /i+[r]] = /i+[9r], [L>, h'iz)] = -(9/i-)(^) - ^[(1 + q-''')Ae,]{z)h+[e^] + A{z), 

ieN (13) 

[D,x^{z)] = -{dx^){z) + h^{Aei){z)h+[e']x^{z), (14) 

for any r, r' e i?, A, A' e A, = e, /, with ^ : A[[h]] R[[h]] defined by 

^A = T{{d\)R) + d{UX) - C/((9A)a), VA e A, (15) 

and 

A{z) = 5^[(1 + q'^^)Ae,]iz)[il - q-^^)e^]iz) + ^[(g"^^ - l)Ae,]iz)e\z). 

ieN (16) 

Note that A is anti-self-adjoint, so that ^^^j^^e* ® Cj = — ^^gj^e* ® Acj, and 

For any positive integer n, define the completed tensor power (C/?i£|)®" as the 
quotient of T'(0")'[[/i]] by the ideal generated by the usual n copies of the above 
relations. 

The formulas 

A{K)=K^1 + 1^K (17) 

A{h+[r]) = h+[r] (8) 1 + 1 h+[r], A{h-{z)) - h-{z) ® 1 + 1 ® {q-^'^h-){z), 

(18) 

A(e(^)) = e{z) ® q((T+u)h+)(z) ^ ^ ^^^^^ (^g) 
A(/(^)) = f{z) ® 1 + g-'^-^^) ® (g-''^"/)(^), (20) 
A(D) = D®1 + 1®D + ^ ^/i+[e*] ® /i+[Aei], (21) 
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r ^ R, for the coproduct, 

e{h+[r]) = e{h-[\]) = £(x[e]) = = eiK) = 0, (22) 
X = e, f, r E R, X E A,e E k, for the counit, 

Sih-'lr]) = -h^r], iSh-)iz) = -{q^^h-){z), S{D) = + ^ ^ /^+[e^]/,+ [Ae.], 

^ ieN (23) 

iSe){z) = -e(z)g«^+^)''")(^), iSf){z) = - (g^"(g'^-/)) (z), S{K) = -K, 

^ ^ (24) 

r E R, for the antipode, define a topological (with respect to the completion 
introduced above) Hopf algebra structure on UfiQ. 

Notation . We have posed 6{z,w) = Xliez ^^^^ element of k^k. 

The indices R and A denote the projections on the first and second factor of the 
decomposition k[[h]] = R[[h]] © A[[^]]. 

In (10), (11), we have attached indices z and w to the first and second factors 
of k^k. Recall that ao{z,w){zs — Wg) belongs to C{{zs,Ws))- 

Ki,K2 respectively mean K ^ 1,1 ^ K. The K, f{z) and h~{z) used here 
correspond to 2K, j^{q~^^ f){z) and {q~^^h~){z) of |jlO| respectively. □ 

Remark 5. Variants of the vertex relations (10) and (11)- Due to the Hochschild 
cocycle properties explained in rem. ^, relations (10) and (11) are equivalent to 
the following ones, 

[a{z) — a{w) + Tp-i^z, w)ao{z, w){a{z) — a{w))]e{z)e{w) (25) 
= g2("-'^)("''")[a(z) -a(ti;) +V'+(^,w)ao(^,^i^)(a(^) -tt(w))]e(w)e(2), \/a E k 

^2(r-<^)(.,«,)[^(^) - a{w) + i^+{z,w)a,{z,w){a{z) - a{w))]f{z)f{w) (26) 
= [oi{z) — a{w) + ^J-i^z, w)af){z, w){a{z) — a{w))\f{w)f{z), \/a E k; 

note that for any a E k, ao{z,w){a{z) — a{w)) belongs to Y[stes^((^s''^t)) ~ 
k®k. □ 

Remark 6. Due to (3), the e—e and /— / relations (10) and (11) can be informally 
written as 

e{z)e{w) = g2S.((r+t/)e,)(.)eU-)e(^)e(^) = g2E. eH.)({T+C/)e.)W J(^) 

(27) 

□ 
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Remark 7. The relations (|14D can be rewritten as 
x = ej. 

2.3. Presentation of UnQ- The Lie bialgebra (g, S) also admits a quantization. 
We denote by UnQ the corresponding Hopf algebra. It is the quotient of T(0)1[^]] 
by the following relations. Let us overline in the case of UhQ, the notation used 
in the case of UfiQ. The algebra relations are identical to those of UnQ, except for 
those involving /i^[A]; we have 

[h-[X],e{z)]=2{{T + U)X){z)e{z), (28) 
r[A],/»] = -2{{T + U){q-^'X)^){z)f{z), (29) 

[h^[r],h-[\]] = l{iq^'-l)r,\), (30) 



[h-[X],h-[X']] = \ ((f/((g-^"A)A),g-^^A') - (f/A,A') - (T((g-^^A)^), g'^^A') 
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[e{z)J{w)] = i[5(z,z^)g((^+WW (g-^-(-)<5(^, «;)) , (32) 

[D,h-{z)] = -{dh-){z) - [{l + q^^)Ae,]{z)h+[e]+A{z), (33) 

where 

A{z) = J][(l + g^^)Ae.](^)[(g^^ - l)e.](^) + |[(1 - g^^)Ae.](^)(g^V)(z). 

iGN (34) 

The coalgebra structure of UnQ is defined by the coproduct 

A{K) = K 01 + 10 K, (35) 

A(Ji+[r]) = h+[r] ® 1 + 1 O h+[r], A{h-{z)) = {q^^%-){z) ®1 + 1® h~{z), 

(36) 

A{eiz)) = (g^^^e)(^) ® g-'^"^") + 1 ® e(^), (37) 
A(/(z)) = f{z) ® 1 + ® /(^), (38) 

A(D) = D®1 + 10D + J2 ^^^[ei ® /^^[^ei], (39) 

r E R, the counit 

£(/i+[r]) = £(/i-[A]) = £(x[e]) = e{D) = e{K) = 0, (40) 
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X = e, f, r E R, X E A,e E k, and the antipode 

SCh^r]) = -h^r], iSh-)iz) = -{q-^%-)(z), S{D) = + ^ J] /^+[e^]/.+ [Ae,], 

^ iGN (41) 

^ ^ (42) 

r e R. 
Then 

Proposition 2.2. (see Define U}iQ± and UhQ^ as the subalgebras ofUnQ and 



Uhd generated by g± and g±, respectively. The pairs {UfiQ^,A) and {Ung^, A'), 
as well as (f/;jg+, A) and (f/?i0_, A'), form dual Hopf algebras, quantizing the Lie 
bialgebra structures defined by {q±,±6) and {g±,±6). The pairs (f/?ig,A) and 
{Uhd, A) '^'^c the double Hopf algebras of {Un,g+, A) and (f/;j0+,A) respectively, 
and define quantizations of the Lie bialgebras (0,5) and (g,(f). 

Here A' denotes A composed with the permutation of factors. 
Then 

Proposition 2.3. The map 

x[e]^x [e] ,h+[r]^h+[r],K^K,D^D, [A] ^ [(g^^A) a] , 
X = e, f , e E k,r E R, X E A, extends to an algebra isomorphism from U^Q to 

In what follows, we will denote elements of t/^g as elements of UfiQ, implicitly 
making use of this isomorphism. 



3. PBW RESULTS FOR UnQ 

3.1. PBW result for algebras presented by vertex relations. We will now 



prove a PBW statement, which was used implicitly in |T^. 

Let C be an indeterminate, and let V be the field of Laurent series C((C)). Let 
7„ = C","^ £ ^, and let us organize the (7n)„gz in the generating series 

iGZ 

Let ^ be a formal variable, and A be the quotient of T(\^)1[^]] by the relations 
obtained as the Fourier modes of 

{z — w + A{z, w))'y{z)'y{w) = {z — w + B{z, w))'y{w)'y{z), (43) 

for A, Be hC{{z,w))[[h]]. 
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Lemma 3.1. Assume that A,B satisfy the relation 

{z — w + B{z, w)){w — z + B{w, z)) = {z — w + A{z, w)){w — z + A{w, z)), 

(44) 

and the series z—w+A and z—w+B do not define the same ideal ofC{{z, w))[[h]]. 
Then any element of A can be written as a sum 

p=0 ii<...<ip,ai>l 

k > 0, Xl'^l'''^^^^ scalars, such that the number of indices {{ii, ... ,ip), [ai, . . . , ap)) 
with ii = M and 7^ 0, is finite for all M and zero for M large enough. 



Proof. (^41) implies that the divisors oi z — w + A and z — w — B coincide. 
Therefore, the relations (^31) can be put is the form 

q+{z, w)-f{z)-f{w) = q-{z, w)-f{w)-f{z), (45) 

with q+{z, w) = z — w + C{z, w) and g_ = —nq\ , with C G hC{{z, w))[[h]] and 
KG l + hC{{z,w))[[h]], = 1. 

Set g+ = K'~^^'^q+, g_ = K^^^'^q^, then relations (^) can be written as 

q+{z, w)-f{z)-f{w) = q.{z, w)-f{w)-f{z), (46) 

with q_{z,w) = —q+{w,z). 

Let us prove now that the 7°^^ . . . j"'^ form a generating family of A. 

Let A2 be the span in A of infinite series J2nm>N^pg^p^g- (ED allows us to 
write, for any n,m & 

Pn,m = [7n+l;7m] - [7n, 7m+l] 

as a series in ^.A2[[/i]]. We rearrange this system of relations in the following way. 
Let 

Tn-k,n+k = Pn~k,n+k + Pn~k+l,n+k-l + . . . + Pn-l/ra+l 

for > 0, 

'^n+l-k,n+k = Pn+l-k,n+k + Pn+2-k,n+k-l + . . . + Pn,n+1 

for k > 1, 

'^n+k,n—k Pn+k,n—k Pn+k—l,n—k+l ~l~ • • • ~l~ Pn,n 

for > 0, 

Tn+l+k,n-k = Pn+l+k,n-k + Pn+k,n-k+l + • . • + pn+l,n 

for k > 0, then the system of expressions for the pn,m is equivalent to as a system 
of expressions for the r„_m- 
Note that 

Tn-k,n+k = —[jn-k, In+k+l] + [7n) 7n+l] 
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for A; > 0, 

Tn+l—k,n+k [ln+l~k, In+k+l] 

for k > 1, 

Tn+k,n-k = [in+k+l, In-k] — [in, In+l] 

for A; > 0, 

= [ln+2+k,ln-k] 

for A; > 0. 

The expression for r„^„ yields an expression for [7^, 7n+i]. Substracting this ex- 
pression to the expressions for Tn-k,n+k and adding to the expression for Tn+k,n-k, 
we derive expressions for the [7„, 7™]- This means that an arbitrary monomial in 
the 7i's can be expressed as a linear combination of the (7,"^ . . ■jf^)ii<...<ip,ai>i 
of the form described. □ 

Let us now prove that (7^"^ ■ ■ ■ 7j°^)n<j2<--- ,ai>i forms a topological basis of A. 
For this, we will construct an isomorphism of A with a Feigin-Odesski-type (of 
shuffle) algebra (see ^^). Define FO as the direct sum ©„>o-FO("\ where FO'^'^^ 
is the the subspace of C{{zi)) ■ ■ ■ ((z„)) [[/?,]] formed by the elements A such that 
Y[i<j ^j)'^ belongs to A;®"[[^]] and is totally antisymmetric in zi, . . . , z„. 

Define a product of FO as follows: let e and r] belong to FO^"'^ and F0^"^\ 
then their product e * i] lies in FO^""^"^^ and is equal to 

{e*r]){zi,--- ,Zn+m) (47) 
^ TrT+m)! ^ n (l{zi,Zj)e{z^^i),---,z^(^n))'n{Mn+i)r--,z„{n+m)), 

'' CT&Shn,mi<j,a{i)>a(j) 

where Shn,m is the set of shuffle transformations of {1, . . . ,n + m}, that is the set 
of permutations a of that set such that a{i) < a{j) is i<j<n if m+l<i<j, 
and q{z,w) is the ratio q+{z,w)/q-{z,w), expanded for w « z. It is then clear 
that the product (47) is well-defined and associative. 
The space FO^""^ can also be described as follows: 

Proposition 3.1. Define a symmetrization map Sg from k^"'[[h]] to C{{zi)) ■ ■ ■ {{zn 
by 

o-eSn i<j,a{i)>a{j) 

(recall that k^"" = C[[zi, ■■■ , Zn]][z^\ ■■■ , z'^]). 

Then FO^"^^ is both equal to the image by Sg o/A;®"[[/i]] and of its subspace of 
totally symmetric elements. 

Proof. It is clear that both images lie in F0^"'\ To prove that any element 
of FO'^"-^ is in S'q(/c®"[[/z]]®"), pick any totally antisymmetric a in A;®"; we should 
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write it in the form 



a 



o-eSn i<j,a{i)>a{j) i<j,i7{i)<a{j) / (48) 

with e totally symmetric in /c®"[[^]]. The sum 

n i+i^i^^j) n I'i^i'^j) 

crGS„ i<j,cr{i)>a{j) i<j,a{{}<a{j) 

lies in n\ Y[i<j{^i^ ^j) ~^ ^^'^"'ll^]]- Since it is also totally antisymmetric, it is of the 
form n! nj<i('^* ~ + J2i>i ^*'^«)) ^ Since a is totally antisymmetric, 
we can write it as a product ni<j('2^j ~ ^j) ' ^ totally symmetric in We 
then set e = s/(l + X]i>i n 
We then have: 

Proposition 3.2. (7^^^ ■ ■ ■ 7i^'')n<j2<- ,«>>i « /^ee /amz/y 0/^. 

Proof. There is an algebra map i from A to FO, mapping each 7[e] to e 
in FO^^^ (for e = ^jCj^;', we set 7[e] = J^i^Hi)- This map also sends the 
product 7[ei] ■ ■ ■7[en] to 5'q(ei ® • • ■ ® e^)- Let us show that the image by i of 
i^ir ■ ■■%'')ii<...<tp,a,>i forms a free family in FO. 

From Prop. |3]l| follows that multiphcation by Y[i<j ^j) ^ '^^^^ ^^is map 
m - defines an isomorphism of FO^"''^ with the image of the endomorphism SyrUq 
of k^'^Wh]], defined by 

o-eS„ i<j,a{i)><j{j) i<j,a{i)<a{j) 

Moreover, we have Syrriq^ei ® €2- ■ ■) = mo i(7[ei]7[e2] ■ ■ ■ ). 

Suppose now that some combination <^ ^ Aj^j2-.-7n7«2 ■ ■ ■ is zero in A. It 
follows that the image by SyrUq of the combination Ylii^<i2<--- '^n,«2- -^n®' ' ' is zero. 
Let a be the smallest ^-adic valuation of all Ajj^jg, -) then the leading term in h of 
this equality gives ]\i^j{zi-Zj) E<xes„ = 0' ^ith e = J2i,<i,- >^hl-^ii ®^i2 " " " , 
which implies the X]o-es„ ^'^ ~ ^^^^ -^i^L ■■■ ~ ^"^^ •^n,i2,- - 0- ^ 



As a consequence of Lemma ^71] and Prop. |3.2| , we get 
Proposition 3.3. (7°^ ■ ■ ■ 7j"'')ji<j2<- - ,ai>i a topological basis of A. 
We have also 

Proposition 3.4. i is an algebra isomorphism between A and FO. 

Proof. We have seen that «(7[ei] ■ ■ ■7[en]) = ^^(ei ® ■ ■ ■ (S> e„), so that i is 
surjective. 

From Prop. p.3| and the proof of Prop. |3.2| follows that the image by i of a 
basis of ^ is a free family of FO, so that i is injective. □ 
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3.2. PBW result for Ung. Let be the quotient of the algebra T{kJ{[h]] by 
the following relations: let e'[e] denote the element of T(A;)'[[/i]] corresponding to 
e e fc, and e'{z) = Xliez ^'[^*]^*('^)' relations are the Fourier coefficients of 
(10), with the series replaced by their analogues with primes. 

Similarly, let B~ be the quotient of the algebra T(/i;)1[^]] by the following re- 
lations: let f'[e] denote the element of T(/c)'[[/i]] corresponding to e G A;, and 
/'(^) — SiGZ f'[^^]^ii^)^ relations are the Fourier coefficients of (11), with the 
series replaced by their analogues with primes. 

Finally, let B° be the quotient of the algebra T{k © CK' © CD'y{[h]] by the 
following relations: let for e G /c, h[e] denote the element of T{k(BCK' (BCD'Jllh]] 
corresponding to e, the relations are (^, (^, (|13|), with the /i+[r], h^[\] replaced 
by h'[r],h'[X]. 

There are algebra morphisms from B^, B^ to t/^fl, associating to each generator 
its version without prime. 
We then have 

Lemma 3.2. The composition of the above algebra morphisms with the multipli- 
cation ofUfiQ defines a linear map 

I, : B+®B%B- Ung, 

which is a linear isomorphism (the tensor products are completed over C[[^]]/ 

Proof. We ffist consider the case of the algebra Ufig', defined as the algebra with 
the same generators (except D) and relations as Ung- Let B'^ be the analogue of 
algebra B^ without generator D'. In that case, we obtain easily that {b'lh'^h'^)ij^k 
is a base of U^g' , if ip'Di, {bf)j, {b'f^)k are images of bases of B^, B'^, B~ . 

Then we check that the r.h.s. of formulas (pr3|), define a derivation of Ufig'. 
We then apply the PBW result for crossed products of algebras by derivations, 
and obtain for Ung a base {bfb'^b^ D^)ij k-s>o- We finally make use of (p!4D , = /, 
to pass (by triangular transformations) from this base to {b^b'j' D^b^ )i,j,k;s>o- 

Since {b'j^ D'^)j ■s>o is the image of a base of this final base has the desired 
form. □ 



Lemma 3.3. B"^ are topologically spanned by e'[ejj]°i ■ ■ ■e'[ei^]°'p, ii < . . . < ip, 
ai > 1, resp. /'[e^J^i ■ ■ ■ /'hJ"^ ti < . . . < tp, ai > 1. 

Proof. This follows directly from the analogue of Prop. |3.3| (where C((C)) is 
replaced by a direct sum ©sg5C((Cs))), the fact that {zs — Ws)ao ^ —{zg — Ws)aQ, 
and the computation of |jlO| preceding Thm. 5: 

g2;i[-Vo{7,9.7,...)+r][^ - W + /5^/'_(7, a,7, ...)] ■ 

[g2ft[-V'o(7A7,...)+-](^ - w + /?^-(7, 9,7, ...))r 

= [z-w + I3i)+(ci, 9,7, ...)] ■[z-w + l3i)+{-i, 9,7, ...)] , 
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where w) = [z — w)ao, and this is in turn written 

l + GV^+(7,5.7,-)l-G^+(7,5-7,-) ' 
which amounts to the statement (3.17) of □ 

Proposition 3.5. The 

with ii < . . . < ip, tti > 1, ji < . . . < jq, Pi > 1, ki < . . . < kr, 'Ji > I, d,t > 0, 
form a topological basis of UaQ- 

Proof This follows from Lemmas |33, ^ and the fact that h'[ek,]''' ■ ■ ■ h'[ek,]^- D'^K\ 





fci < . . . < fcr, 7i > 1, c^, ^ > 0, forms a basis of B . □ 

Remark 8. It is straightforward to repeat the resoning above to obtain topological 
bases of the UnQ'^'^ , as tensor powers of the base obtained in Prop. pTSj □ 



Remark 9. It would be interesting to explicitly compute, in the case of the alge- 
bras the kq provided by Prop. ^]3|. 

4. SUBALGEBRA UngR OF Und 

4.1. Presentation of Uj^Qr. Recall that g contains as a Lie subalgebra g^j. In 
this section, we define a subalgebra f/aflj? of f/^g, such that the inclusion UjiQr C 
UnQ is a deformation of Uqr C Uq. 

Let UjiQji be the algebra with generators D,e[r], f[r], h[r], R,r G R and rela- 
tions 

x[airi + a2r2] = aix[ri] + a2x[r2], x = e, /, h, (49) 

[h[r],h[r']]=0, yr,r'eR, (50) 

[h[r] , e[r']] = 2?[rr'] , [h[r] , /[r']] = -2f[rr'] , Vr, r' G R, (51) 

e[ria]e[r2] — e[ri]e[Q;r2] + e[ri'?/'i^-'7(a)''^^]e[r2'?/'i^^7(a)*-^''] = (52) 
e[r2(g2(-*))(2)]e[ari(g2(-*))(i)]-e[r2(g2(^-*))(2)a]e[ri(g2(-<^))(i)] 

+ e[r2(V^+g'(^-^))(')7(«)^'^]e[ri(7/;+g2(^-'^))(i)7(a)(i)] 
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7N7Ki] - 7[r2«]7[ri] + 7h(V^-)('^7(«)^'^]7[ri(V^-)(')7(«)^'^] = (53) 

7[(gJ(--^))(^Via]7[(g^(^-^))(^V2]-7[(g^(^''^¥^Vi]7[(g^(^-'^^)(^)«r2] 
+ 7[ri(g^(--*V+)(S(«)(^)]7[r2(g^(^-^V+)(^H(«)(^)], 
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F[ri], 7N] = $^res,{i(rir2)(z)g«^+^)~^)(^)^J (54) 

[D,h[r]] = h[dr], (55) 

[D, [r]] = [dr] + - ^ [e*]i± [iAei)r] (56) 

for X = e, f, h] x^ = e, /; a, ri G -R, scalars, i = 1,2; h{z) = J2ieN h['^^]^i{^)l 

7(a) = (a (g) 1 - 1 (g) a)ao E R® R 

for a E R. 

Notation . For ^ E R® R, ^ = 6 ® a,b E R, we denote 2;[a^j]5;[6^j'] 

as x[a^*^^^]5;[6.^*^^^]. The operator A arising in ( ^6]) has been defined in ([l5|) . Note 
that the sums arising in (^) have only finite non-zero terms, since U has the 
property that for any sequence (^j) with — 0, U^i is zero for i large enough, 
and both sequences Cj, dci tend to zero; and on the other hand, {dei)R = for i 
large enough. □ 



Remark 10. On relations (52) and (53). The complicated-looking formulas (52) 
and (53) are simply obtained by pairing the vertex relations (25) and (26), for 
a E R, with an element of R® R. □ 



Remark 11. Generating series for relations (52), (53) and (p^j. Let us introduce 
the generating series 

e{z) = J2^e%{z), f{z) = Y,J[e%{z). 

Relations (52) and (53) can then be obtained as Fourier modes of 

( [a{z) - a{w) + il)^{z, w)-i{a){z, w)]e{z)e{w) )^^^ (57) 
= {q^^^-'^^^''^\a{z)-a{w) + ij+{z,w)^{a){z,^^^^ Wa E R, 

and 

( g2(-0)(^'-)[a(^) -a(^) + ^+(^,^)7(a)(z,^)]7(^)7(u;) )^^^ (58) 

= ([a{z) - a{w) +ij_{z,w)-f{a){z,w)]f{w)f{z)) , \fa E R, 

\ / A, A 

where the index A, A has the following meaning: for any vector space V and 
C, E V® {k®k) (with k®k = limN k/k^^k/kN), ^a,a = {idy ^prA^prA)^, where 
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prA denote the projection on the second summand of k = R (B A. In terms of 
these generating series, the relations ( p4|) take the form 



[e{z)J{w)] = ( (59) 



which can be rewritten as 



or in "mixed" form 

[e{z)J[r]] = [e[r]Jiz)] = ^ 

for any r & R. □ 

4.2. PBW result for UjiQn and inclusion in fZ/^g. Let be the algebra with 
generators e"[r],r G -R, and relations (^91), with x replaced by e", and (52), with 
e replaced by e"; let B]^ be the algebra with generators f"[r], r ^ R, and relations 
(|i9|), with X replaced by /", and (53), with / replaced by /"; and let B^ be the 
algebra with generators D" , h"[r],r G R, and relations (^), with x replaced by 



/;,", (11) and (H), with D, h replaced by D", h". 



Lemma 4.1. 1) There are injective algebra morphisms i^^i^ from B'^,B^ to 
B^,B^, sending each x"[r] to x'[r], and D" to D' , x = e, f, h,r E R. 
2) Topological bases ofB^,B^ are given by the 

(e"[e^T^ • • • e'Yr'')^^<...<^r.,o..>l, (/" [e^T^ • • • r [e^1"^)n<...<v,a.>i, 
and {h"[e'^f- . . . /i"[e*-]"-D^),,<...<i^,„,>i,,>o. 

Proof. 1) (25) [resp. (26)] with e (resp. /) replaced by e' (resp. /'), are relations 
of fi"*" (resp. of B~). Pair them with ri{z)r2{w). We obtain relations (52), (53), 
with e', /' instead of e, /. This shows that the maps x"[r] i— x'[r], x = e, f extend 
to morphisms from B^ to B^. The statement on the map h"[r] h'[r], D" ^-^ D' 
is evident. 

2) The case of B^ is obvious. Let us treat S^. From relations (52) follows 

[e"[roa],e"[r,]] - [e"[ro],e"[arr]] G hB+, (60) 
for any tq, ri, a G R. We then get, setting ro = 1 in (0), 

[e"[a],e"me[e"[l],e"[aP]] + hB^; 
on the other hand, setting ro = ri = 1 in (|60D, we find that 

2[e"[a],e"[l]] G hB+ 
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SO that any commutator [e"[a], e"[/3]] is in hB^. This shows that any monomial 
can be transformed into a combination of the e"[ejj"^ . . . e"[ejp]"p, with ii < . . . < 
ip, and > 1. 

Suppose now that some combination X]j>Q „^>i '2!*^aje"[e*^]"^ . . . e"[e'^p]"p 

is zero (where for each i, the second sum is a finite one). Applying to this 
identity, we obtain the identity in 

i>0 ii<...<ip,ai>l 



which implies that all ctf^aj ^^^o due to Lemma p.3| . This shows that 



(e"[e'r^---e"[e^1"'')n<...<,„..>i 

is topologically free in Part 2 of the lemma follows for B^. The case of B~^ 
is similar. □ 

Lemma 4.2. There are injective algebra morphisms from B^ and to U^Qr, 
sending each x"[r] to x[r], and D" to D, x = e,f,h,r G R. The composition of 
the tensor product of these morphisms, with the multiplication of U^Qr, induces 
a linear isomorphism 

Hn ■■ Bl®Bl®B-^ ^ UnQR- 

Proof. Let UnQ'^ be the algebra with the same generators (without D) and 
relations as U^Qr- We can prove by direct computation that the r.h.s. of relations 
(p5D, ( p6D define derivations of this algebra. 



The proof of the lemma is then identical to that of Lemma 3.2. □ 



Proposition 4.1. The map sending each x[r] to x[r], x = e, f, h, r & R, and D 

to D, extends to an injective algebra morphism from UnQR to U^Q- 

Proof. Let us first show that this map extends to an algebra morphism for 
UhQR to UtiQ- For any a E R, (25) and (26) are relations of UnQ- Pairing them 
with ri{z)r2{w), (ri,r2 G R), we obtain relations (52), (53), with e , / replaced 
by e, /. Moreover, (^ is a relation of Un,Q', pairing it with ri{z)r2{w), we obtain 
(pO|) with X replaced by a; for a; = e, /, h. Finally, pairing relations dH), ([131) with 
r{z), r E R, we obtain relations (^6]), (|55|) , with x replaced by x. This shows that 
the map x[r] x[r], D D extends to an algebra morphism from UnQn to UnQ, 
that we will denote by l. 



We easily check that the diagram 



Bl®Bl®Bl UndR 
B+®B^0B~ f/ft0 
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commutes. By Lemmas ( p.2|) and (^4.2| ), the horizontal arrows are vector spaces 



isomorphisms. From Lemma ( [4.1|) follows that the left vertical arrow is injective. 



It follows that L is also injective. □ 



4.3. Dependence of U^Qr in r and A. In we showed that the various 
algebras t/^g, associated to different choices of A and r, are all isomorphic. We 
are now going to show that the same is true for their subalgebras U^Qr- We will 
denote with a superscript (A, r) the objects associated with a choice (A,r). 

We will study two families of changes of the pair (A, r), that will generate all 
possible changes. The first is to change (A, r) into (A, r'), where v = r' — r 
is an arbitrary antisymmetric element in To it is associated the map 

u : A[[/l]] defined by u{\) = {v,l ^ X)k- The second family of changes 

is parametrized by some continuous anti-self-adjoint linear map r : A —>■ R (or 
equivalently, by some antisymmetric tq in i?®^). We then define a new pair (A, f) 
by the formulas A = (1 + r)A and f = r — J^igN ^(^(^i)) ® 

Recall now the results of pO|| . 



Proposition 4.2. (see |TO[y' 1) There is an isomorphism i'^''^' from Un.Q^^''^'^ to 
UnQ^^'^K such that 

2) There is an isomorphism i^'^ from UriQ^^'^^ to UnQ^^'^^ such that 
x = ej, h+. 

Proposition 4.3. Both maps i'^''^' and i^'^ restrict to isomorphisms of t/^B^'^^ 

with UfiQ^^'^ ■* and UfiQ^^''^\ Therefore the algebras UfiQ^^'^^ are isomorphic for all 
choices of (A, r). 



Proof. For r & R 



ses 

ses n>0 ' ii,...,i„GN ^ ^ 

sg5 n>0 ■ ii,...,i„eN ^ ^ 

SO r'"'(e(^'"')[r]) G f/afljf'"^. The proof that r'"'(/(^'"')[r]) G t/asif'"^ is similar 
and in the case of r'^'(/i+(^'^')[r]) the analo gous statement is obvious. The inverse 
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of i^''^ is i'^ in particular, i'^''^ is bijective. It is also an algebra morphism by 
Prop. This shows 1). The proof of 2) is obvious. □ 



Remark 12. There is another isomorphism i'^''^' from UnQ^^''^^ to UfiQ^^''^'\ such 
that 

^r'(e(Ay)(^)) = et(«/.+)We(A,r)^^)^ r'-'(e(^'^')(z)) = /(A--)(^)et("'^+)W, 

It is easy to see that it also yields an isomorphism from Ung^^''^^ to f/ftg^^'"^'-*. 

4.4. t/aflij and A, A. Let us define UjiQR^UnQ, resp. UtiQ^UnQn, as the quotients 
of T(g/j © 0)1[^]], resp. T(g © by the usual relations. These are complete 

subalgebras of UnQ®UfiQ- 

Proposition 4.4. 

Proof. It is enough to check these statements for the generators of ?7n0_R- They 
are obvious for D and /;,+ [r]. Moreover, 

A(e[r]) = ^res, {e{z) © g«^+^)^'^)(^))r(z)cu,) + 1 © e[r]; 

the first term of the r.h.s. of this equality can be decomposed as a sum of terms, 
the second factors of which all lie in the algebra generated by the [r'] ,r' & R. 
We also have 

A(/[r]) = f[r] © 1 + J^res, © r(^)cu, 

ses 

= /M®l + 5^resJ5^ J2 ^-^h~[e.,]...h-[e,^y^{z)...e^^{z) 

seS \p>0 ii,... ,ipeN ^' 

®{q-^^'f){z))r{z)u, 

= /[r]©l + 5^ iz^/,-[e,J.../,-[eg©/[g^i^(e^..eV)]. 

p>0 ii,... .ipSN ^' 

All /[9'^(e*^ . . . e*T)] belong to UhQr- This ends the proof of the proposition in 
the case of A. 

In the case of A, the proof is similar. □ 
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5. F, UNIVERSAL i?-MATRICES AND HOPF ALGEBRA PAIRINGS 

In what follows, we will denote by Unn^ the algebras B^. 

Recall that the Hopf algebras {Und+,^) and (f/^fl-, A'), as well as {UfiQ+,^) 
and {UfiQ-, A'), are dual. Denote by (, and (, )[/^g the corresponding bilinear 
forms. They are defined by the formulas 

mr],h-[X])u,,= l{r,X)k, {e[e],m)un,= ^{e,v)k, (62) 
for e, 77 e A;, r e i?, A e A, 

{D, K)u,, = 1, {D, a{k))u,, = (a(fc), K)u,, = 0, 



and 



{h+[r],h-[X])u,-, = l{r,X)k, {f[e],e[v])un-,= l{e,v)k, (63) 



for e, e A;, r e -R, A e A, 

{D, K)u,-s = 1, {D, a{k))un-s = {a(k), K)u,-, = 0. 

Prom the Hopf algebra pairing rules follows immediately 

Lemma 5.1. Let f/^f)/? be the subalgebm of UfiQ generated by D and the h'^[r],r 
in R, and let Utii)\ be the subalgebm of UfiQ generated by K and the /i'^[A],A in 
A. 

For any in Unxy± and Ir, tA in UfJ:)R and Un^x, we have 

{tRX^,tAX~)ung = e{tR)e{tA){x^,x~)un0 (64) 

and 

{x~tR,x'^tA)un-3 = ^{tR)£{tA){x~,X^)un-0- (65) 

Then: 

Proposition 5.1. The restrictions to Uiin+ x Unn-and Unn- x ?7ftn+ of the pair- 
ings {,)uh9 ^^''^ {j)uh8 coincide up to permutation. 

Proof. Fix ej, r^^ in A;, i = 1, . . . ,n, j = 1, ■ ■ ■ ,m. Let us compute 

n m 

([{eH,\{fh])un0 

i=l j=l 

(we denote by Hie/^i product Xi^ • • - a^jj,, where / is a set of integers {ia} 
with ii < i2 < . . . ). It is clear that this is zero if n is not equal to m. Assume 
that n — m, then let us compute the generating series (nr=i ^[^i]; Il^i fi^j))un0- 
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By the Hopf algebra pairing rules, it is equal to 

a' Hi) 

E(®-i^N,®r=i{ n (66) 

o-e6„ l=l,a{l)<i 
I 

Set 



We have q'^ ^^^f{z)q ^'^^ = q(z,w) ^f{z). Using this equality and (|B^, we 
identify (66) with 

^ (®r=ie[ei],®r=i/(2;<x-i(i)))c/,0®" n 

o-GS„ i<(i),cr(0>o-(i) 
n 

= Yl^^(i)(^i) n (lizi,zi)-^; 

o-eSn i=l l<i,a{l)>a(i) 

each term of this sum belongs to C((zi))((z2)) • • ■ ((-^n))- Therefore 

n n 



Zi, Zi) ^UJz^ ■ ■ -UJz^, 



= res^n £5 ■■■ resales Yl^<^ii)(^i)YlViizi) H ^( 

o-e©„ o-eSn «=1 i=l l<i,cr{l)><j{i) 

where reSzg^ means Yls&s'^^^s^z- 

In the case of Uf^Q, one can lead the similar computation for 

n n 
i=l i=l 

In that case one uses the identity {K^{z), f{w)) = q{z, w)^^, with q{z, w) defined 
by (|67|); the result is the r.h.s. of (68). □ 

Let us define the completion UnQ^UnQ as follows. Let In C UnQ be the left 
ideal generated by the x[e], e G Ilses '^i^'^tt'^'']]- Define U^Q^UtiQ as the inverse 
limit of the Uhq'^'^/ In ® UnQ + UnQ ® In (where the tensor products are ^-adically 
completed). UnQ®UnQ is clearly a completion of Uhq'^'^- One defines similarly 

Definition 5.1. Let (a*), (a^) be dual bases of Ufin+ and Ufin^. We set 

F = ^a'®ai. (69) 
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/^From (68) follows that F belongs to Un,Q®UriQ- 
By (1^), we also have 

F G 1 + hY,e[A ® m + Y.^Hn^+ ® C^O) 

where t/^n^' are the degree j homogeneous components of Uny\-± (where the e[e] 
and /[e] are given homogeneous degree 1). 

Proposition 5.2. Set q = and 

n = g^®^ exp ( - J] h+ [e'] ® h~ 



and 



i/ien 7^ anc? IZ are the universal R-matrices of {Un,Q,A) and (f/^fl-, A) (viewed 
as the doubles of {UhQ+ , A) and {UhQ+, A)), respectively. 

Proof. These statements are equivalent to the following ones: 

{id (g) b+, TZ)u„g = b+, (7^, 6_ O id)u„g = 

for 6-1- G Un,Q±, and 

{id (g) 6+, TZ)u„-g = b+, {TZ, L (g) ic?)c7^g = 6_, 

for b± G f/ft0±. (Here and later, we will set {id®a, b®c) = {a, c)b, {a®id, b®c) = 
{a,b)c, etc.) Let us show the first statement. 

Assume that b+ has the form tjix^, with t^ in f/^jP)/? and x+ in UfiXi^. Set 
/C = g^®^ exp (f ^. /i+[e^] ® /i-[ei]) ; and set /C = J2j Kj ® i^j. Then 

{id O 6+, 7^)c/^g = ^ Kja'{b+, K'-ai)u^Q. 

Now set A(6-,) = E^V'^^&f ; we have ir;.^,)^;,^ = E{b'i\ K'^)u,M\a.)u,g. 
Only the part of A.{b+) whose first factors are of degree zero contribute to this 
sum. This part is equal to A{tji){l ^ix^). Therefore, if A(t/j) = ^t^'* ^t^R, we 
have 

{id®b+,'JZ)u,,g = ^Kja'^{t^^\K'j)u,,Q{t^n^x+,ai)u^s; 
by (pi), this is equal to 



^J"' ^j)uug{x+, ai)u^Q = KjX+{tR, Kj)ur,s- 

j,i j 

One easily checks that J2j ^ji^R^ ^j)uhg = in- Therefore, the last sum is equal 
to 6-1-. 
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The proof of the other statements is similar. □ 

Lemma 5.2. K, satisfies the cocycle identity 

/C^2(A® 1)(/C) = /C2=^(l® A)(/C). 

Proof. (i3°,A) is a Hopf subalgebra of (f/ft0,A). It is easy to check that 
{Uni)R, A) and (f/ftf)A, are dual Hopf algebra, and that the double of {Ufii)fi, A) 
is A). Moreover, /C represents the identity pairing between these algebras. 
The identities of the Lemma are then consequences of the quasi-triangular iden- 
tities. □ 

Lemma 5.3. /C conjugates the coproducts A and A', that is 

A'{x) = }CA{x)}C-' (71) 

for any x in UnQ. 

Proof. Let us first prove this identity for x in B^. The i?-matrix identity 
for A) says that A'(x) = /CA(x)/C~^ for x in B^. On the other hand, the 
restrictions of A and A to B^ coincide. This proves ([7T| ) in this case. 

Let us now treat the case where x = e{z). Set /Co = exp(| h~^[e'^] /i~[ej]) 
and JCd = q'^®^. Then K = /Cb/Cq. 

We have A(e(z)) = (e ® q~'^ ){q^^^z) + 1 ® e{z). Then we have 

[J2 h^[e'] ® h-[e,], 1 ® e{z)] = (T + f/)(/i+(g^^^^))A ® e(^), 

i 

SO that 

/Co(l ® e(^))/Co ^ = exp{hY,h^[e%{T + f/)(g^^^e,))A(^)) ® e(^), 

i 

and 

= exp(n^/i+[g^2V]((T + f/)(g^2^ei))A(^))®e(z) 

i 

= exp(n^/i+[e*](T + f/)ei(2)) ®e(^) 

i 

= g(^+^)^^(z)®e(z). (72) 
On the other hand, 

ICo{e{z) ® l)/Co ' = e(;2) ® (73) 

and 

[/i-[e,], /i-(^)] = ^ ((g-^^"(T(g^^^e,)«))(^) + f/e,(^) - (g-^^"t/((g^^^e,)A))(2)) , 
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SO that 

[| J]/i+[e^]®/i-[e,],l®/i-(^)] 

i 

= {q-'''^T{q'''^^h+)R){z) + Uh-^iz) - r^^^(t/(g^^^/i+)A)(^) ® 1, 

so that 

/Co(l®/i-(g^^^z))/Co-' 

= 1 q^^^h-{z) + {T{q^^^h+)R{z) + Uh+{q^^^z) - {U{q^^^h+)t,){z)) ® 1 
and 

/Co(l®g-'^"(^"''"^)/Co^ (74) 
= exp(-n (r(g^2^/i+)s(^) + Uh+iq'^'^z) - {U{q'''^h+)A){z))) ® 

Finally, the product of (73) and (74) gives 

ICo{{e®q-''-){q''^'^z))}C^' (75) 
= exp(-;i {T{q^'''^h+)R{z) + Uh+{q^^^z) - {U{q^''%+)A){z)))e{q^^^z) ® 1. 

On the other hand, we have 

{D + d,- Ah+izMz) = e{z){D + d,), 

(an identity of differential operators). Therefore we have 

^K.iD+a.-Ak^.))^^^^ = e(^)g^^(^+^^), (76) 
We are now in position to apply the following identity: 

Lemma 5.4. Let L, f be elements of a Lie algebra, such that all ad'^(L)(/) com- 
mute with f. We have the identity, in the associated formal group 

where a — e^, k scalar and h a formal parameter. 

Proof. Enlarge the Lie algebra by adjoining to it an element F, such that 
[L, F\ — f. We have in the associated formal group, 

= a^d(e--)(L) ^ Ad(e-^)(a^) = a'^[{a-^^'^\e-''))e^] 

1 _Q,-ad(I,) 

ad(L) 

□ 

Set in (76), a — q^^, L — D + d^ and / = —Ah'^{z). Then we need to compute 



a^exp((l - a-^'^(^))(F)) = a^exp 



■(/) 



1 _ fj-K2 adiD+d,) 
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For this, we show: 

Lemma 5.5. Let B he some linear operator from A[[7i]] to -R[[^]], such that 
Bci when i —>■ oo, then 

1) ad{D + d,){Bh+{z)) = Ch+{z), where C = d o B - B o pr^o d, 

2) M{a'^+^^){Bh+{z)) = Gh+{z), where G = o B o prj^o a'^ , and a = e^^ , 
k scalar. 

3) assume that B = doE — Eo pv/^ o d, with E a linear operator from A[[h]] 
to k[[h]], then 

where F = o E o pr/<^ o — E. 

Proof. 1) is obvious. 2) is obtained by first computing 

ad\D + d,){Bh+{z)[e']), 
using 1). We again use this expression to obtain 3). □ 

Applying Lemma 5^ with B = A, E = h(T + f/), a = we get 

with F = h{q^^'^^ o (T + U) o pr\ — (T + U)). Therefore Lemma gives 

ad(Z) + Oz) 

= g^2(D+9, exp([g-^29 Q ^j. ^jj^^ _ ^ U)]h+{z)). 
Finally, (76) gives 

qK2{D+d.) exp([g-^29 Q ^jj^^ _ f^^j. ^ U)]h+{z))e{z) = e{z)q^^^^+^^\ 
so that 

q-^^^e{z)q^^^ = q^'^^ {exp{[q-^'^ o h{T + U)oprA - h{T + U)]h+iz))eiz)}, 
which coincides with the r.h.s. of (75). Therefore 

/Cz5/Co((e ® g-'^")(g^^^^))(/CD/Co)-' = e{z) ® L (77) 
Adding up (72) and (|77|), we get 

A'{e{z)) = }CA{e{z))IC-\ 
The proof is similar when e{z) is replaced by the case of f{z). □ 

Proposition 5.3. F satisfies the cocycle identity 

Fi2(A® 1)(F) = F23(1® A)(F), (78) 
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Proof. The quasi-triangularity identities for TZ imply that 

n^^{A ® i){n) = Tz^^i ® A)(:^). 

Therefore, we have 

F^^K}^{A ® 1)(F2')(A ® 1){K) = F^^ie\l ® A)(F2^)(1 ® K){K). 
By Lemma [5.3| , it follows that 

F^\^ ® 1){F^^)K}^{A ® 1)(/C) = ® A')(F'')/C2'(1 ® A)(/C). 
Lemma |5.2| then implies that 

F^\A' ® = ® A')(F21), 

which is a the same as (|78D, up to permutation of factors. □ 

Proposition 5.4. A and A are conjugated by F: we have A{z) = FA{z)F~^ , 
for any x in UnQ- 

Proof. We know that A' = 7^A7^"^ Since 7^ = /CF,_it follows that FAF~^ = 
IC-^A'IC. But by Lemma JC'^A'JC coincides with A. □ 

Remark 13. It is a general principle in i?-matrix computations (see [0]) that 
factors of the i?-matrix are also twists relating quantizations of conjugated Manin 
triples. We see that this principle also holds in our situation. □ 

5.1. Orthogonals of B^. 

Proposition 5.5. 1) The orthogonal of in for (, )uhQ ^■^ span n+(i?)S"'" 
of all e[r]e[ei] . . . e[ep], p > 0, ei E k, r E R; 

2) the orthogonal of B~l^ in B~ for (, )unQ is the span B^n-{R) of all 

f[Vi]---f[Vp]f[r], p>0,riiek,reR. 

Proof Let us compute (e[r]e[ei] . . . e[ep], f[ri] . . . f[rp+i])ur,sy ^ ^ 
Expand it as 

(e[r] ® e[ei] . . . e[ej, A'(/[ri] . . . /[rp+i]))^^^^. 

(recall that A' is A composed with the exchange of factors). According to 
the proof of Prop. |4^ , A'(/[ri] . . . /[rp+i]) can be decomposed as a sum of 
terms, the first factors all of which are of the form /[r^ . . . /[r^], r,- G R. Since 
(e[r], /[r^] . . . f[r'^)uhs always zero (either because s 7^ 1 of by isotropy of i?), 

(e[r]e[ei] . . . e[ep], /[n] . . . f[rp+i])u,,^ = 0. 

This shows that n+{R)B+ c{B]^)^. 

To show that n-^-{R)B~^ is the whole of (-B^)"*", let us consider the classical limit 
of the situation. B]^ C B~ is a flat deformation of the inclusion of symmetric 
algebras S*{R) C S*{k). On the other hand, the inclusion n+(i?)S+ C B~^ is 
a flat deformation of S*{k)R C S*{k). Finally, let Bp be the completion of the 
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span of all a:;[ei] . . . x[ep], E k, x = e, f for i = +, — , and multiply {,)uhs 
W on Bp X . Then the resulting pairing is a deformation of the direct sum 
of the symmetric powers of the pairing {■,)k- Since the orthogonal of S*{R) for 
this pairing is S*{k)R (because R is maximal isotropic, see Lemma |7. 2| ) , the 
orthogonal of B~^ cannot be larger than n+(i?)i3"^. This finally shows 1). 
Let us pass to the proof of 2). Let us compute 

(e[ri] . . . e[rp+i], f[r]i] . . . f[Vp]f[r])u^s, r, n e R,r]i e k. 

Expand it as (A(e[ri] . . . e[rp+i]), f[r]i] . . . f[r]p] (g) f[r])^^^^2- From the proof of 
Prop. follows that A(e[ri] . . . e[rp+i]) can be decomposed as a sum of terms, 
the second factors all of which lie in the algebra generated by the e[r], /;,"^[r'], r, r' G 
R. 

Further decompose each of these second factors as a sum of terms of the form 

e[r"] . . . e[r"]h^[fi] . . . r", fj G R. 

The pairing of this with f[r] gives 

(e[r'/] . . . e[r':] ® h^[n] . . . h^[n], A'{f[r]))^^^,,. 

A'{f[r]) is equal to the sum of 1 ® f[r] and of a sum of terms, the first factors of 
which are either 1 or of the form f[p], p G R. 

Since ■ ■ ■ e[r'^],) f[p])u,,g = (either by degree reasons if s 7^ 1 or by 

isotropy of R), the only possibly non-trivial contribution is that of 

(eK] . . . e[r':] ® h^[f,] . . . /.+ [f,], 1 ® /[r])^,^^,^; 

but the pairing of f[r] with any /i^[fi] . . . /i^ff^] is zero. 

This shows that {e[ri] . . . e[rp+i], f[r]i] . . . f[r]p]f[r])u,,s = 0, for any r,ri G 
R,rii G k, so that B-n-{R) C (B^)^. 

The proof that B~n-{R) is actually equal to (-B^)"*" is similar to the argument 
used in the proof of 1). □ 



6. QUASI-HOPF STRUCTURES 

6.1. Factorization of F. We now recall our aim. We would like to decompose 
F defined in ( |69D product 

F2F1, with Fi G Ung^UnQR, F^ G UndR^UnQ. (79) 

The interest of this decomposition lies in the following proposition. 

Proposition 6.1. For any decomposition ([7^, the map Ad{Fi)o A defines an al- 
gebra morphism from U^Qr to U^QR^UnQR (where the tensor product is completed 
over C[[/i]]j. 
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Proof. Since A = Ad(F) o A, we have 

Ad(Fi) o A = Ad{F^^) o A. 

The first map sends UhQr to UnQ^UnQR, and the second one to UnQR^UnQ, by 
Prop. (|]|) and (|7|); so both maps send UnQR to {Ung(S>UnQR) n {UngR(S)UnQ) = 
UhQR(S)UF,gR. □ 

Let us now try to decompose F according to (|79D. Let (mj), resp. (m^) be a 
basis of UnQ as a left, resp. right f/^gij-module. Assume mo = m'^ = 1. Due to 
the form of Fi and F2, we have decompositions 

It follows that we have 

F = Y^ F2F^\m, ®l) = ^(1 ® m'j)FPFi. (80) 

i j 

Let now n, resp. U' be the left, resp. right f/^gij- module morphisms from UnQ 
to Uh9r, such that U{m,) = for i ^ 0, n(l) = 1, and n'(m^) = for i ^ 0, 

n'(i) = 1. 

/^From (pop follows that we should have 

F2Fi^°^ = (n ® ^Fi = (1 ® n')F. (81) 

We may and will assume that mj, resp. contains a basis of i3+ as a left 
S^-module, resp. of B~ as a right ^B^-module. Then, n maps to B^, and n' 
maps to B^. It follows that [(H ® l)F]-iF[(l n')F]-i belongs to B+^B'. 

Equation (|8l|) determines the possible values of Fi and F2, up to right, resp. 
left multiplication by elements of UfiQ%^- 

Proposition 6.2. Let Fu,u' = [(n ® 1)F]-^F[{1 ® ^')F]-^■ i/ien 

Fn,n' e f/ng|l (82) 

Proo/. Since (H ® 1)F e t/;i0R®f/a0, and (1 ® n')F G UnQ^U^QR, (H is 
equivalent to showing that 

F-i[(n® 1)F] G [(l®n')F]F-^ G S^®^-. (83) 

By Prop. ^72| , the universal i?-matrices of UfiQ and f/^^g, 71 and are such that 
n G (f/;,gi?®?7?,g)F, and TZ''^ G F(f/;,g®f/;,gfi). 

Since 11, resp. 11' is a left, resp. right UfidR-iaiodule morphism, it follows that 

F-i[(n® i)F] = 7^-l[(^® l)7^], and [ii0n')F]F-' = [{i(g)n')n''^]{n''^)-\ 

(84) 

We will need the following result. 
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Lemma 6.1. 1) Let S' denote the skew antipode of UhQ, then for any x G , 

{n-\id0x)u^,s = S'{x). 
2) Recall S is the antipode ofU^Q- For any y G B^, we have 

{n'^,id(g)y)uf,-g = S{y). 

Proof Since (A®l)(7^-l) = (7^-l)23(7^-l)l^ a' : B+ ^ Un9+, x ^ {n-\id® 
x)uf,Q is an algebra morphism from B^ to UnQ^^^ (that is, UfiQ+ with the opposite 
multiphcation). Since 5" is also an algebra morphism from B^ to U^iQ"^^ ■, it suffices 
to check that S' and a' coincide on the generators of B^ . 

lYiom (|19D follows that S'{e{z)) = -e(z)g-«^+^)^^)(^\ on the other hand 

a'{e{z)) = {Tl~\id®e{z))u,^ 

iez 

= {{-h)Y,e[eT^fhf^e-^^^^-''^^''^'''''~^^^^^^^ 

igZ 

in the r.h.s. of the first equality, the notation means that we perform the pairing 
of the second factors of a decomposition of 7l~^ with e{z), so this r.h.s. belongs 
to UhQR] the third equality is because e{z) cannot have a nontrivial pairing with 
a product of zero or more than two /[ej]'s; in the fourth equality, we used the 
notation for (g) a the last equality follows from 

((-^) e[e^] ® f[eilid ® e{z))u,s = -e(z), 

and 

which follow from direct calculation. This finally shows the first part of the 
lemma. The proof of the second part is similar. □ 

Let r G -R, G S+, and let us compute {F~^[{]I (g) 1)F], id ® e[r](j))u,,Q. We find 

(F-i[(n ® e[r]0)^,0 = (7^-l[(^ ® l)n],td ® eM^)^/,^ (85) 

= 5^(7^-^^rf® (e[r]0)«)^,,n {{n,zd®{e[rW\,,) 

= 5^5'(e[r]«0«)n(e[r](2)0(2)), 

where the first equality follows from (0), and the second one from the Hopf 
algebra pairing rules. To show the third one, we remark that (e[r]0)'^^) belongs 
to B^, and apply to it Lemma pTT| , 1). 
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The r.h.s. of (85) is then ^ ^'(e[r](i)0(i))n(e[r](2)0(2))^ but since e[r](2) g UnBR 
(see Prop. W^), and 11 is a left f/;j0/j-module morphism, this is equal to 



5^5'(e[r]«</)«)e[r](2)n(0(2) 
or 

5^5'(0(^))S'(e[r]«)e[r](2)n(0(2)) 



(because S' is an algebra anti- automorphism of UnQ). Since Yl S'{e[r]^^^)e[r]^'^'> = 
0, the r.h.s of (85) is equal to zero. By Lemma |5.1| , 1), it then follows that 

F-i[(n® 1)F] G B+^B^, 

that is the first part of (PB|). 

The proof of the second part of (|8^) is similar: let r G -R, G B'^, and let us 
compute ([(1 ® Il')F]F~^,ipf[r] ® id)u^g. The Hopf algebra notation employed 
now refers to UnQ- 

We find 

([(1 ® n')F]F-\ 7A/[r] ® id)u,, = [(1 ® n')F]F-\ ^/[r] ® ^rf)^,^ (86) 
= ([(l®n')^^^](^^^)-\^/[r]®zrf)^,g 

= 5^ n' ((^^\ (^/[r])(i) ® zd)^,,) {in'')-\ (^/[r])(2) ® zrf)^,, 
= 5^n'((^/[r])«)^((^/[r])(^)) 

where the first equality follows from Prop. |5.1| , the second equality follows from 
(|8^) , and third one by the Hopf algebra pairing rules. To show the last one, we 
remark that {^flr])^"^^ belongs to B~ , and apply to it Lemma |6.1| , 2). 

The r.h.s. of (86) is then ^ n'(V^(i)/[r](i))5(^(2)y[^](2))^ gi^^^ ^ 

f^nfli? (see Lemma ^^), and 11' is a right f/^jfl/j-module morphism, this is equal to 

5^n'(^«)/[r]«5(V^(2)/[r](2)) 

or 

5^n'(^«)/[r]«5(/[r](2))5(^(^)) 

(because 5^ is an algebra anti-automorphism of f/^g). Since ^ /M^^-'5'(/[r](^)) = 
0, the r.h.s of (86) is equal to zero. By Lemma |5.5| , 2), it then follows that 

[(l®n')F]F-i G B+0B', 

that is the second part of (BBI). □ 



Proposition 6.3. Any decomposition of F according to jyTVi) is of the form 
F2 = [(n® 1)F]6, Fi = a[(l®n')F], 

with a,b E UfiQ%^ , such that ah = Fu,n'- 

Proof. Clear. □ 
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Corollary 6.1. For any left Bj^-module morphism II from to Bj^, and any 
right B^-module morphism Tl' from i3+ to B^, such that n(l) = l,n'(l) = 1, we 

have 

[(n ® l)F]-'[{fl ® 1)F] G U^gf, [(1 ® n')F][(l ® U')F]-' e UnQf. 



Proof. This follows from the fact that any 11, 11' yield solutions to ([79|) , and 
from the classification of all such solutions in Prop. |6.3|. □ 



Convention . The expansion in /i of F is 1 + /i/ + o{h), in the notation of Lemma 



LT| . We may assume that n(/[ej]) = 0, n'(e[ei]) = 0, for all i G N; this implies 



that (1 ® n')F = 1 + hfi + o{h), and (H ® 1)F = 1 + hf2 + o{h), so that 
Fu,n' = 1 + o{h). In what follows, we will only consider solutions of (ffOD, such 
that Fi = 1 + hfi + o{h), and F2 = I + hf2 + o{h); equivalently, the a and b of 
Prop. |6.3| have the form 1 + o{h). □ 



6.2. Quasi-Hopf structures on ?7ft0R and UnQ. Let us choose a solution {Fi, F2) 
of (^), satisfying the above requirement. Consider the algebra morphism Apt : 
UhQ Und'^'^, defined as 

= Ad(Fi) o A = Ad(F2-i) o A; (87) 

define 

$ = ® A){F^)[Fl\A ® l)iF,)]-\ (88) 

Proposition 6.4. $ belongs to UnQ^^^, and even to B^ UngR ® B]^. 

Proof. ( pHD makes it clear that $ belongs to UnQ'^'^^UhQR- It can be rewritten 

as 

$ = {F2y\l ® A){F2'nF2'rCA ® l)(F2-i)]-^ 
it follows that $ G UnQR^Und'^^- Finally, $ can also be written as 

$ = [(1 ® An)F^]iF2'rF'\A ® l)(F-i)(A ® l)(F2)(Fri)i2_ 

But (A (g) 1)(-F"^) belongs to Unn+ 11^9+ ® UnXi^, by Prop. Therefore, $ 
belongs to O {UngRUtig+UndB) ® ?7;i0. 
$ can again be rewritten as 

$ = F2'^^^\l ® A)(Fi)(l ® A)(F-1)F(i2)(A ® l)(F2)Fr'(''\ 

Prop. now implies that (1 ® A)(Fi) belongs to f/^^g ® UfiQ- ® Un.Q- Therefore, 
$ belongs to UkQ ® {UnQnUnQ-UnQR) ® UhQ- 

By the PBW results of sect. p73| , the intersection of UnQRUnQ+UnQR and 
t^/igfit^ftg-^/iSi?^ is reduced to UnQR. Therefore, $ belongs to UnQ®UnQR®UnQ. □ 

Let 

UR = m{l®S){Fi), (89) 
with m the multiplication of U^q. 
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Theorem 6.1. The algebra UnQ, endowed with the coproduct A/j, associator 
counit e, antipode Sr = Ad^un) o S, respectively defined in (W^), (^), (^W, ( f^j , 



(^p, (^), and R-matrix 

(90) 

is a quasi-triangular quasi-Hopf algebra. U^Qr is a sub-quasi-Hopf algebra of it. 
Moreover, TZr belongs to UnQR^UnQ. 

Proof. The statement on U}iQ follows directly from |]^, sect. 1, rem. 5. That 
UnQR is a sub-quasi-bialgebra of UnQ follows from Prop. and Prop. |6]^. Let 
us now show that Sr preserves U^Qr- 

We have 'Yli^i^Ri.^'i) = ^ ^ f^ftfl? where /S.r{x) = Let (rria) 

be a basis of UhQ as a left f/^jg^-module, with mo = 1. Set Sr = S^^^nia, with 
S^^^ some linear map from UfiSR to itself. Then for a ^ 0, ^iXiS^^\x'j) = 0. Let 
us show that this implies that S^^^ = 0. 

Assume that for some a, S^^^ is not 0. Dividing it by the largest possible 



power of h, we may assume that its classical limit Sj^ j^i is non-zero. Si^ l,^ is then 



iiit J*-"''' ''"^^ 

a map from Uqr to itself, such that ^iyiS'^R\i{y'i) = for any y G f/gij, where 

^{y) = Yjiyi® y'i- We then check by induction on the degree ofythat5g, = 0, 
a contradiction. 

So Sr = S^^\ and S'/j preserves UfigR. 

That 7?./j belongs to UnQR®UnQ follows clearly from (PH). □ 



6.3. Adelic algebras. In 0, Drinfeld also defined an adelic version of the Manin 
pair {a® k,a® R). Let A be the ring of adeles of X and C(X) be the field of 
meromorphic functions of X. Let us define on A the scalar product {f,g)A = 
J2x€X ^^^^(f 9^) ■ Endow a® A with the scalar product of the Killing form of a 
with (, )a. The Lie algebra a®C{X) is then a Lagrangian subspace of a® A; the 
pair (a A, a (S> C(X)) then forms a Manin pair. 

It is easy to double extend it as in section |0|. The construction of quasi- 
Hopf algebras presented here then can be applied to yield an "adelic" quasi-Hopf 
algebra quantizing this Manin pair. 

6.4. Quantum Weyl group action. The Weyl group ly of a naturally maps 
to the group of automorphisms of the Manin pair (fl,0_R). There is an algebra 
automorphism w of UnQ, deforming the action of the nontrivial element of W. It 
is defined by the rules 

{w ■ e){z) = - (q^'^q'-f)) (z), {w ■ f){z) = -e(z)g-«^+^)^^)(^), 

w{h+[r]) = -h+[r], w{h-[\]) = -h-[\], w{D) = D,w{K) = K, 
where r E R, \ E A and {w ■ x){z) = Xliez ^ = 6, /. 
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Note that w does not preserve UnQR, and ^ 1. 



7. Analogues and generalizations of UnQ 

7.1. Replacing q^^ by a general automorphism. The algebras UnQ presented 
in section p.3| admit the following generalizations. Let a be a ring automorphism 
of k, commuting with d and preserving R and {,)k- Then we can form an algebra 
UhQk,a with the same generators as UnQ (except K) , replacing in all relations q^^ 
by 0". For example, becomes 

mr],h-[\]] = ^{{l-a-y,\)k, 

etc. Expressing the action of Ad{q^^) on UfiQ and replacing in the resulting 
formulas, q^^ by a, we obtain an (outer) automorphism E of UtiQk,a- The formulas 
for S are 

S(/i+[r]) = /i+[a(r)], S(/.-[A]) = /,-[(a(A))A]+/i+[a((r+f/)A)-(r+[/)((a(A))A)], 

X = e, f; in the r.h.s. of the first formula, a'^ is applied to the function part. 

Note that U^Qji is a subalgebra of UjiQk,a, and that S restricts to an automor- 
phism of UhQr. 

If a is finite, then we can find some r such that the formulas defining the action 
of S on x{z) are simply S(a;(z)) = (7~^{x{z)), x = e, f. Indeed, in that case the 
equation 

{a0a)T-T + 5^[T((T(((T-i(e,))A)) - T(e,)] ® = 

can easily be solved. 

If moreover cr(A) = A, then S coincides with also on the generating series 

Remark 14. As in Remark |I|, the algebra UfiQk,a (without D) can be generalized 
with k, (1, R C k and a replaced by an arbitrary Frobenius algebra (fco, 0) with 
a Lagrangian subalgebra and an automorphism, preserving the scalar product and 
the subalgebra; and the full algebra UnQk,a can be generalized to the case where k^ 
is endowed in addition with a derivation Oq commuting with the automorphism, 
and such that 6 o = □ 

Remark 15. It seems difficult to combine the above action with the quantum 
Weyl group action of section ^]4| to give quantizations of more general "twisted" 
Manin pairs of Drinfeld. In that situation, X is endowed with an involution a 
preserving u and S", and the Manin pair is defined in the algebra (s[2 ® fc)^/^^, 
where the action of Z/2Z is by the tensor product of the Weyl group action with 
a. The difficulty is that S has finite order whereas w has infinite order. If after 
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conjugation, w could be brought to a "correct" form (that is, preserving Un,QR), 
it might happen that the procedure described here apphes. 

7.2. Discrete analogues. Let us formally express the algebra relations of UaQ, 
using the new generating series K~^{z) = and K~{z) = Let 

us replace the exression q'^^ieM'^+u)^i)i^)^'i^) by q[z,w). Using (p, we formally 
derive the equation 

q{z,w)q{w,z) = 1; (91) 
let us also note {q^^f){z) as f{a^^{z)). Then the formulas presenting UnQ become 

{K^z),K^w)) = l, {K^z),K-{w)) = -^^^^^, (92) 

{K+{z),e{w)) = qiz,w), {K-{z),e{w)) = g(«;,a(^)), (94) 
(K+iz), fiw)) = q{w, z), (K-iz), f{w)) = q{z, w), (95) 
(e(z), e{w)) = q{z, w), {f{z), f{w)) = q{w, z), (96) 

[e{z), f{w)] = 6,,^K+{z) - 6,,^(^^)K-{w)-\ (97) 

we used the standard notation (a, 6) for the group commutator aba'^b~^] we 
also multiplied f{z) by h, and replaced S{z,w) by 6z^w We have also the trivial 
relations 

K^{z)K^{z)-' = K^{zy'K^{z) = 1. (98) 

Generators K^{z), K^{z)-\ e{z) and f{z) and relations (|9|), (|9|), (||), (|9|), 
(|96|), ( p7D can be thought of as presenting a complex algebra A{Z,a,q) defined 
from the data of a discrete set Z, a map a : Z ^ Z, and a function q : Z"^ ^ C^, 
satisfying (pT]). It is easy to see that a basis for A{Z, a, q) is formed by the family 

U.ez<zr^ U.^zK^i^r^ U.ezK-{zr^ U.ezfi^r-^ e„r/, e N, ^ G Z. 

The quantum Weyl group action of section p.4| then has the following discrete 
analogue. Assume a to be invertible. Then there is an automorphism wz of 
A{Z, a, q), defined by the formulas 

wzieiz)) = -K-{a-\z))f{a-\z)), wz{f{z)) = -e{z)K+{z)-\ 

wziK^iz)) = K^iz)~\ 

In the case where a = idz, the discrete analogue of the coalgebra structure of 
UfiQ is then given by 

A{K^{z)) = K^{z) ® K^{z), A{e{z)) = e{z) ® K+{z) + 1 ® e{z), 

A{f{z)) = f{z)®l + K-{z)-^®f{z). 
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The subalgebras A+{Z, idz, q) and A_{Z, idz, q) of A{Z, idz, q) generated by the 
e{z) and K^{z)^^, resp. by the f{z) and K~[z)^^ then form Hopf subalgebras of 
A{Z, idz, q)- If A+{Z, idz, q) is given the opposite coproduct, they are in duahty, 
the pairing being defined by {e{z), f{w)) = 6z,w, {K'^ (z)" , K~ {wY ) = q{z,wY'' , 
e, e' = 1 or —1. 

Remark 16. It is also natural to ask whether the formal series in h,z and w 
given by exp(2^^^((T + U)h'^){z)ei{w)) has an analytic prolongation. It could 
then happen that the relations defining A{Z, a, q) can be represented over C in a 
weak sense - as relations between analytic prolongations of matrix coefficients of 
operators acting on highest weight modules. 



Remark 17. In the situation where k and R are replaced by a finite dimensional 
Frobenius algebra and a maximal isotropic subring of it, an expression for F is 

F = exp(n5^e[e*]®/h]), (99) 



for (e*), (ej) two dual bases of k. As it was pointed out in 0], this result is 
no longer true when k is infinite-dimensional. For example, such results as the 
commutativity of ® f[^i\ with e{z) ® K'^{z) + 1® e{z) cease to be true 

in the case where {k, R) are associated to a curve with marked points. This is 
because, by vanishing properties of 1 + 00"?^+ (see |jll[), the defining relations only 
imply an identity 

{z - q-^w) [(e ® f){z), (e ® q^^+^^''^){w)] = 0, 

so that 

[(e ® f ){z), (e ® g(^+^)'^^)(^)] = A{z)6{z, q-^w), 

for some field A{z), so that e[e'] ® /[e^], (e ® q^^+^'^^''){w)] = A{q-^w). 

In m, an expression for F, well-defined up to order 2, was proposed in the 
quantum affine case and checked up to that order. 



It would be interesting to obtain expressions for F is the framework of |T3| 
one could expect to check their coincidence with those of 

An earlier version of the present work used a (wrong) generalization of ( p9[ 
to the infinite-dimensional setting; after that, the works P, M were completed 



relying on this work. However, after F is defined by Def. [5.1| , all results of that 
version are correct, except those involving commutation relations of e[e*] 
f[ei]. This shows that the only corrections to ^ are to replace the definition 
of F based on the generalization of (P5|) by Def. ETT. 
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Appendix: maximal isotropy of rings 

Let A be the adeles ring of X, and C(X) be the field of functions over X. 
Define on A the bihnear pairing (, )a by 

In Drinfeld made the following statement. 

Lemma 7.1. C(X) is maximal isotropic in A w.r.t. (,)a- 

Below we prove this and the similar statement 
Lemma 7.2. R is maximal isotropic in k w.r.t. {,)k- 



Recall first the duality theorem (||T5|, II-8, thm. 2). Let D be any divisor on 
X, and Q{D) be the space of all meromorphic forms u equal to zero or such that 
their divisor is > D. Let on the other hand, A>_£) be the space of adeles with 
divisor > —D. Then (, )a induces a non-degenerate pairing 

Q{D) X (A/(A>_^ + C(X))) -> C. 



Proof of Lemma \7. 1\ . The isotropy of C{X) follows from the residue formula. Let 
Q be the space of all meromorphic forms on X, and let us now show that the 
pairing 

Q X (A/C(X)) ^ C (100) 

is also non-degenerate. Let / G A/C(X) have vanishing pairing with Q. Then 
for any divisor D, the pairing of its image in A/ {A>_u + C{X)) with any element 
of Q{D) is zero, which means that / belongs to A>_£)/(A>_£) fl C(X)) for any 
D, and so is zero. 

The lemma now follows from the non- degeneracy of ( |100| ). □ 



Proof of Lemma 7^ . Let for any divisor D with support in S, fc> 5 be the space 
of elements of k with divisor > D. 

Lemma 7.3. Let Dq be a divisor of X , supported in S . Then the mappings 
A — s> /c induces an isomorphism 0/ A/(A>_£)g + C(X)) with A;/(A;>_£io + R)- 

Proof. Let D = n{J2s€S^)- -^^^ ^ large enough, D > (cuq) and Q{D) = 0; 
by the duality theorem, this implies that A/(A>_/) + C(X)) = 0, and so A = 
A>_£) + C(X). Let Dq be a divisor < D, then A>_/)g C A>_£), so 

A/(A>_^„ + C(X)) = (A>_z) + C{X))/{A>_Do + C(X)) 
= A>_b/(A>_i5o + (C(X) n A>_^)). 

Let for any n, Qn = ^>-n(E.es«)/ (^>--Do + (C(X) n A>_„(j^^^gs)))- For the 
same n as above, the natural maps Qn Qn+i ai'e isomorphisms. On the 
other hand, we have a map Qn — * k/{k>-Do + R)', its kernel is the set of adeles 
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— ~''^iJ2ses '^)' — "-^0, and in R, so is zero. So Qn k/ (fc>-Do + R) is injective; 
it is also surjective, as we can see by composing it with a suitable Qn —>■ Qm, ''^ 
large enough, so it is an isomorphism. □ 

^From the duality theorem now follows that for Dq like in Lemma |7.3| , the 
residue pairing 

n{Do) X ik/ik>^Do +R))^c 
is non-degenerate. Let us specialize Dq to -Do,m = ~^{J2s£S then the nat- 
ural maps induce an inductive system Qo,m C ^o,m' and a projective system 
/c/(/c>_Do ^, + -R) — > fc/(fc>-z)o,m + R)y ^ — compatible with the duality. It 
follows that the induced pairing between the inductive and projective limits is 
non-degenerate. Since Um>o^^(-Do,m) is the set of forms on X regular outside S, 
and uj has neither zeros nor poles outside S, this space is equal to uR. On the 
other hand, limm>o ^/(^>-z)o,m + R) = k/R. We conclude that the pairing 

toR X (k/R) C 

induced by the residue is non-degenerate, whence the lemma. □ 



Remark 18. Another proof of Lemma 772 can be obtained following M, sect. 2. 
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